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Nonlinear Frequency-Domain Analysis of Unsteady Flows
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A harmonic balance technique for the analysis of nonlinear unsteady flows in turbomachinery arising from several
excitation sources, possibly with frequencies with irrational ratios, is presented in this paper. This method uses a
mixed time-domain/frequency-domain approach that allows one to model the blade row on a computational grid
spanning just a single blade passage, no matter the interblade phase angles of the original disturbances. Using this
approach, we compute several solutions, each one corresponding to one of several times spanning one period for
periodic flows or over a representative time interval for aperiodic flows. These time levels are coupled through a
spectral time-derivative operator in the interior of the computational domain and through the far-field and periodic
boundary conditions around the boundary of the domain. In this paper, we apply the method to the two-dimensional
Euler equations (although the method can be applied to three-dimensional and viscous flows) and examine the
nonlinear interaction of wake passing with blade vibration.
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Introduction

ALL et al. [1,2] proposed the harmonic balance technique, a

computationally efficient technique for computing complex
time-periodic flows. Since then, a number of investigators have used
the technique to model a number of interesting unsteady flows. Chen
etal. [3] and Vilmin et al. [4] developed efficient nonlinear harmonic
balance methods for predicting unsteady interaction of blade rows in
turbomachinery. McMullen et al. [5,6] used the approach to
investigate the flow around a cylinder and a pitching airfoil.
Nadarajah et al. [7] applied the technique to an adjoint-based design
code and found that the computational time was greatly reduced
compared with their time-accurate code. Van der Weide et al. [8]
used this technique in turbomachinery forced-response computa-
tions in which the rotor and stator rows had equal blade counts and
showed that engineering accuracy can be obtained with as few as 11
subtime levels per blade passing. Gopinath and Jameson [9] used the
harmonic balance technique and obtained efficient and accurate
solutions for pitching airfoils and wings. Gopinath et al. [10] also
used this technique to investigate the unsteady forced-response
phenomenon in multistage turbomachinery. Thomas et al. [11,12]
used a harmonic balance method to study the nonlinear acrodynamic
effects on flutter and limit-cycle oscillations for airfoils and wings.
Thomas et al. [13] also developed a discrete adjoint code for
computing steady and unsteady aerodynamic design sensitivities for
compressible viscous flows about airfoil configurations in which the
nominal flow solver was based on a harmonic balance solution
technique. Welch et al. [14] used the harmonic balance technique to
accurately and efficiently solve the incompressible Navier—Stokes
equations to model (pulsating) synthetic jets in quiescent crossflows
and compared their results with hot-wire data. Breard [15] developed
a similar frequency-domain model of the Euler equations for sound
propagation and radiation of lined ducts that resulted in the less
expensive approach to the calculations of noise propagation about a
mean flow.

All of these previous methods have been limited to time-periodic
flows. A number of interesting physical flows, however, are
aperiodic. In turbomachinery, a blade row may be subjected to wake
excitation at one frequency, whereas the airfoil vibrates at another. If
the ratio of these excitation frequencies is irrational, then the flow
will be aperiodic. Thus, the fundamental assumption of harmonic
balance (i.e., that the flow is temporally periodic) fails. Recently


http://dx.doi.org/10.2514/1.26006

EKICI AND HALL 1913

Ekici and Hall [16,17] have developed a variation of the harmonic
balance technique that can model unsteady aperiodic flows.

In this paper, we use this technique to examine the nonlinear
interaction of unsteady wakes with blade vibrations. We show that
nonlinear effects play an important role in the migration of wakes
through a row of turbine blades.

Unsteady Flow Modeling
Governing Equations

To motivate the present harmonic balance method, we apply the
method to the two-dimensional Euler equations. However, in the
computer code MUSTANG (Multistage Unsteady Analysis)
developed at Duke University, the method is implemented for the
three-dimensional Navier—Stokes equations.

The two-dimensional unsteady Euler equations can be written in
conservation form as

oU OJoF 0G

R Etal Ty | 1

ot ox + dy M
where the vector of conservation variables U and the flux vectors F
and G are given by

p pu—pf
U= | P Fo|put+p—puf
ov |’ puv — puf
pE puh — pEf
. 2
PV — pg
puv — pug
pv* + p — pvg
pvh — pEg

In Eq. (2), f and g are, respectively, the x and y components of the
velocity of the unsteady grid motion. In addition, the enthalpy is
defined as

E 1
=2 +p=LB+—(u2+v2)
p y—1lp 2

h

Harmonic Balance Equations

Previously, Ekici and Hall [17] developed a harmonic balance
method for computing unsteady aerodynamic flows in turbomachi-
nery in which there exist two sources of excitation of different
periods (e.g., wake passing and blade vibration). The salient features
of that analysis are presented here for completeness.

Assume that there are two excitations in the flowfield with
fundamental frequencies €2, and €2, and corresponding interblade
phase angles o, and 0,, respectively. For each excitation, the periods
can be written as 7, =27/, and T, = 27w/2,. The ratio of the
excitation frequencies in this analysis need not be rational. In other
words, the combined unsteady excitation may be aperiodic in time.
With this assumption, one can represent the unsteady flow quantities
in the time domain with a real Fourier series given by

U(t) = i i A, cos[(2n + QL ym)f]

n=0 m=0
+ Bnm Sin[(an + sz)f] (3)

where A,,, and B,,,, are the Fourier coefficients of the conservation
variables.

Theoretically, n and m can take on an infinite number of integer
values. In practice, only a handful of the many possible Fourier
modes contribute significantly to the nonlinear solution of the
flowfield, and thus the series in Eq. (3) can be truncated. Thus, one
must decide which (n, m) combinations to keep in the harmonic
balance analysis. The selection of the Fourier modes is more art than
science. However, there are some rules we follow. First, one must
always include the mode n = m = 0, because it represents the mean

flow. Second, one must retain the fundamental mode (blade vibration
for flutter and wake passing for forced response) and its higher
harmonics for each individual excitation. Finally, one must include
the cross terms, especially those with low frequencies and low
interblade phase angles, which make the interaction between
different excitations possible. Having selected the modes, the
original Fourier series [Eq. (3)] can be approximated by

N
U(t)~ Ao+ Y Agcos(wyd) + By sin(wyd) )

k=1

where N is the number of modes in the model; w; is the frequency of
the kth mode; and A, A, and B, are the Fourier coefficients of the
kthmode. As an example, Table 1 shows typical harmonics kept for a
two-excitation-frequency case.

In the present computational method, we store the conservation
variables in each blade row at a number of subtime levels. Assembled
together into one vector, these solutions are denoted by the vector
U*; in addition, we denote the vector of Fourier coefficients by U:
that is,

A

U, A

U, A,
v:=3U5 v=1{": 6))

U4 Bl

. B,

For temporally periodic flows, the Fourier coefficients can be
determined from the subtime level solutions by a discrete Fourier
transform. Conversely, the conservation variables at the subtime
level can be determined from the Fourier coefficients by the inverse
discrete Fourier transform. These relations can be written as

U=E'U (6)

U*=EU @)

where E is the inverse discrete Fourier transform operator written in
matrix form. Note that E is a square matrix because the number of
time sublevels is equal to the number of Fourier coefficients.

For aperiodic flows, the situation is slightly more complicated.
The flow is no longer periodic. Nevertheless, one can still determine
the Fourier coefficients from information at time sublevels.
However, some care must be taken to ensure that the aperiodic
equivalents of Egs. (6) and (7) are well-conditioned. First, the period
spanned by the time sublevels and their spacing must be such that the
Fourier coefficients are observable. We typically use about 50%
more time levels than the number of Fourier coefficients for aperiodic
flows. Equation (7) is essentially unchanged, except that E is no
longer square: it now has more rows than columns. Second, Eq. (6) is
replaced by

U =E+U* ®)

Table 1 Typical harmonics kept for a two-excitation-
frequency case

k (n, m) Wy O
1 (1,0) Q, 0,
2 2,0) 2Q, 20,
3 o, 1) Q, 0,
4 (0,2) 2Q, 20,
5 1,2) Q) +2Q, o, + 20,
6 1, 1) Q +Q, o, + 0,
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where E* denotes the pseudoinverse of E. Using the example in
Table 1 with 3N 4+ 1 time levels, Eq. (4) can be written in matrix-
vector form as

U,
U,
U,
Uy
1 coswt; coswgt;  Sinw;t; sinwgt; ]
1 coswt, coswgt, Sinwgt, sin wgt,
— |1 coswts coswgt; Sinw;ts Sin wgt3
L1 cosw tyy Coswgtyy SiNW;tg sinwgtyy _|
E
Ay
A
A, ©)
B,
Bs

Having described the kinematics of the flow, we now turn our
attention to the development of the harmonic balance equations. In
conservation form, the Euler equations are given by Eq. (1). Note that
Eq. (1) contains four equations: one conservation-of-mass equation,
two conservation-of-momentum equations, and one conservation-
of-energy equation. Next, we write these equations at all subtime
levels simultaneously, so that

aUc | IF* | 9G*

o ax | dy

0 (10)
where, for example, F* is the vector of x fluxes evaluated at U*.
Hence, Eq. (10) has 4 x M equations, where M is the number of
subtime levels.

Note that the M sets of conservation equations in Eq. (10) are
coupled only through the time-derivative term, which is approxi-
mated by the pseudospectral operator D. To motivate the
development of D, we note that

N
(%U* = ;[—a)k - Ay sin(wyt) + wy - By cos(wyt)] (11

or, in matrix form,

oUu*  OE -~
wr =5l (12)

Making use of Eq. (8) gives the desired pseudospectral operator:

* E
BL =a—E+U* = DU* (13)
ot ot

Finally, substitution of Eq. (13) into Eq. (10) gives the desired
harmonic balance equations: that is,
JoF*  0G*

DU +—+— = 14
U+3x+8y0 (14)

Numerical Integration

Having selected the time levels, we next solve Eq. (14). Note that
Eq. (14) is mathematically a steady equation: that is, time does not
appear explicitly. To solve the equations using conventional time-
marching techniques, we introduce a pseudotime term [18], so that

. OF*  3G*
W pys 4 9967 (15)
ot ox dy

Equation (15) is then marched in pseudotime until convergence.
When converged, the added pseudotime term goes to zero, and the
harmonic balance equation [Eq. (14)] is recovered. Because only the
steady-state solution of Eq. (15) is desired, acceleration techniques
such as multiple-grid acceleration can be used to speed convergence.

The current approach is somewhat similar to the dual-time-step
approach [19,20], except that in the harmonic balance method,
several time levels are stored. In the dual-time-step approach, one
marches the solution from one physical time level to the next. Within
each of these time steps, a number of pseudotime steps are taken to
improve the accuracy of the physical time-stepping solution. In the
harmonic balance technique, on the other hand, all physical time
levels are computed simultaneously, with pseudotime marching used
to drive the solution to convergence. The various physical time levels
are only coupled through the complex blade-to-blade boundary
conditions and through a pseudospectral operator that approximates
the time derivatives in the Euler or Navier—Stokes equations. The
main advantage of this modified harmonic balance approach is that
the computational cost scales (nearly) linearly with the number of
time levels retained in the model. In addition, the complex blade-to-
blade boundary conditions allow one to model the aperiodic
unsteady flow on a grid spanning a single blade passage. On the other
hand, in dual-time-step approach, one needs to model the aperiodic
flow for the entire wheel and to run many small time steps for a
number of revolutions, which dramatically increases the required
computational time. Furthermore, use of the pseudospectral time-
derivative operator allows one to use a small number of time levels
(or equivalently harmonics) to obtain quite accurate solutions.

As mentioned previously, Eq. (15) is discretized on a
computational grid spanning a single blade passage in each blade
row. A typical (two-dimensional) grid is shown in Fig. 1. We use Ni’s
[21] Lax—Wendroff scheme to discretize the harmonic balance
equations, with multiple-grid acceleration to speed convergence.
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Fig. 1 Computational grid for Cambridge turbine number 2 geometry
[24,26]. Computations are performed in a single blade passage. Multiple
passages are shown for clarity.
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Note that the solution of the harmonic balance equations is similar to
the solution of the steady Euler equations. The vector of conservation
variables and the flux vectors are somewhat larger, but the flux
vectors are computed in the usual way at each time level. The
equations at each time level are coupled by the pseudospectral time-
derivative term, which appears as an additional source term.

Periodic Boundary Condition

The computational domain can be reduced to a single blade
passage within each blade row by making use of complex periodicity
conditions along the periodic boundaries. To apply these conditions,
the solution U* is transformed along the periodic boundaries using
Eq. (6) to find the vector of Fourier coefficients U (which contains the
cosine and sine coefficients A; and B;). Inspection of Egs. (3) and (4)
reveals that the appropriate boundary conditions are given by

A (x,y+ G) = Ap(x,y) - cos(N;G) — Bi(x,y) - sin(N,G) (16)

B (x,y 4+ G) = Ai(x,y) - sin(N,G) + By(x,y) - cos(N,G) (17)

These boundary conditions, similar to those developed by He and
Denton [22] and He [23] for time-accurate time-marching flow
solvers, are applied at every iteration of the Lax—Wendroff solver.

Results

In this paper, we consider the response of a turbine blade row
subjected to wake/rotor interaction and blade vibration, both
individually and in combination. We consider the turbine studied by
Hodson [24,25] both computationally and experimentally. The
computational grid used in this study, shown in Fig. 1, is a block-
structured grid containing 3584 computational cells. For the cases
considered in this paper, the (nondimensional) steady inlet total
pressure and the steady inlet total density are 1.0. The blade-to-blade
inlet flow angle is 2 deg, and the exit pressure is 0.896. These
conditions correspond to inlet and exit Mach numbers of 0.146 and
0.400 [26], respectively.

First, we computed the steady flow through the turbine without
any unsteady excitation (blade vibration or incident wakes). Shown
in Fig. 2 is the computed velocity on the surface of the airfoil. Also
shown for comparison is the measured surface velocity, as reported
by Hodson [24,25]. The results of the present analysis are seen to be
in excellent agreement with the experimental data.

1 2 T { T { T { T { T
Suction side O

1.0 O 40)

0.8

exit
O

0.6 -

Uy

Pressure side
0.4

— Present Method

02 O Experiment

0-0 1 l 1 l 1 l 1 l 1
0.0 0.2 0.4 0.6 0.8 1.0

Surface location, x/c
Fig. 2 Velocity distribution of the surface of Cambridge turbine
number 2. Shown is the experimental data due to Hodson [25], and the
computed results using the present method.

Next, we used the present harmonic balance method to compute
the unsteady flow through the turbine due to a wake from an upstream
blade row. Here, we use a definition of the wake similar to that used in
Giles’s [26] calculations, except that we prescribe a higher tempera-
ture wake. In this model, the static pressure is uniform, the periodic
velocity defect is prescribed, and the wake flow is parallel in the
stator frame of reference. Here, the wake is defined by

Pw = Ds Uy = qs[l - f('l)] COS(O[S)
v, = q[l = f(M]sinle,)  py, = ps[l — f()]
where the subscript w denotes the wake values at the inlet, s denotes
the inlet steady values, g, is the total steady velocity, «; is the inlet

wake angle, and f(n) is a periodic function that defines the velocity
defect distribution, where 7 is defined as

18)

y — tan(o)x
=" 19
n G 19)

In this paper, we use a wake velocity defect of 20%, a wake width of
0.15, and a wake angle of 64 deg. Further details about the wake
model can be found in [26]. Note that although there is probably more
interest in a turbine with a cooled upstream wake, we chose a hot
wake because previous numerical analyses [24,26] for this geometry
were performed for a hot incoming wake.

For this series of computations, we computed the flow in a single
blade passage using 11 time levels or, equivalently, five harmonics of
the wake passing frequency. Figure 3 shows the computed results.
Shown are the unsteady velocity vectors and contours of entropy
within the blade row. Note that for the contour plots presented in this
paper, adarker contour level corresponds to a higher value of the flow
quantity. The velocity vectors are plotted with the mean velocity
component subtracted to better visualize the unsteady component of
the velocity field. Recall that the solution is computed in a single
blade passage. For clarity in plotting, the solution is reconstituted and
plotted in several blade passages at a single instant in time. Plotted in
this way, the wake is clearly seen, including the so-called negative jet
in the wake arising from the velocity defect in the wake. As pointed
out by Kerrebrock and Mikolajczak [27], this negative jet convects
the high-entropy wake toward the suction surface of the turbine
blades, as can be clearly seen in the entropy contours. Fluid in the
wake is self-convected toward, and accumulates on, the suction
surface. Conversely, the low-entropy fluid outside the wake
accumulates on the pressure surface of the airfoil. Note that
qualitatively, these results are in good agreement with the analyses of
Hodson [24] and Giles [26].

The fact that fluid from the wake is convected toward the suction
surface of the airfoils can also be seen in Fig. 4. Shown are contours
of the mean (time-averaged) pressure and entropy. The mean
pressure in this example is very nearly indistinguishable from the
pressure calculated with no wake at all. However, the mean
migration of the high-entropy (hot) fluid in the wake depends
fundamentally on the unsteady flowfield. We see in Fig. 4 that the
effect of the unsteadiness in the flow is to migrate the hot fluid toward
the suction side of the airfoil and the cooler fluid outside of the wake
toward the pressure side. Thus, for the purposes of computing the
mean pressure loads, one can (in this case) ignore unsteady effects.
However, the mean value of the flow quantities that are convected,
such as entropy and vorticity, depend fundamentally on unsteady
flow processes.

Next, we consider the effect of two sources of unsteadiness and
their potential nonlinear interactions. In time-linearized theories, the
sources of unsteadiness would be considered small and superposable
and thus would not interact. In the present nonlinear harmonic
balance analysis, however, we can easily study nonlinear
interactions, even those that occur at nonintegral frequencies or at
different interblade phase angles. Here, we consider the case of the
prescribed wake as before, but now include a vibratory motion of the
turbine blades. For the case considered here, we assume a plunging
motion of the airfoil normal to the chord of the airfoil with an
amplitude £ equal to 0.0, 2.0, or 10.0% of the chord, with a reduced
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Fig. 3 Computed unsteady velocity vectors (left) and entropy contours (right) in Cambridge turbine number 2 for the case of a prescribed incoming

Fig. 4 Computed mean pressure (left) and mean entropy (right) contours in Cambridge turbine number 2 for the case of a prescribed incoming wake.

frequency @ = wc/(2U q) 0f 0.5 and an interblade phase angle o of
90 deg. By way of comparison, the reduced frequency and interblade
phase angle of the wake is @ = 4.5 and 0 = 254 deg, respectively.
Here, we used 31 subtime levels with 10 discrete frequencies.

Shown in Fig. 5 is the computed mean (time-averaged) pressure
distribution on the surface of the turbine blade with various
combinations of wake excitation and blade vibration. We see that the
time-averaged pressure distribution in all cases is very nearly equal to
the steady pressure distribution computed with no sources of
unsteadiness. Some very small differences between the mean flow
and steady flow near the leading edge are seen only for the largest
levels of blade vibration.

Similarly, Fig. 6 shows the computed mean flow entropy on the
surface of the airfoil. (Admittedly, such calculations should be
computed using a Navier-Stokes model, because an inviscid
adiabatic model should predict infinitely thin layers of high and low
entropy near the surface of the airfoil [28,29]. However, small

amounts of artificial viscosity in the flow solver mimic the effect of
actual viscosity and effectively eliminate this spurious layering
effect. The entropy shown in Fig. 6 should be regarded as the entropy
at the edge of the boundary layer.) Now note the importance of
unsteady effects on the time-averaged flow quantities. First consider
the effect of the wake alone. One sees that because of the negative jet
velocities in the wake, high-entropy (hot) fluid piles up on the aft
portion of the suction surface of the airfoil. Conversely, low-entropy
(cool) fluid is convected onto the pressure surface. If one now
introduces a small amount of blade vibration (/¢ = 0.02), the
results are essentially unchanged. In other words, small amounts of
blade vibration do not interact nonlinearly with the wake excitation.
On the other hand, one sees that large-amplitude blade motions
(ho/c = 0.10)do, in fact, change the mean distribution of the entropy
on the airfoil surface quite significantly. In other words, for the
purpose of computing mean flow quantities, nonlinear interactions of
unsteadiness in the flow may be important.
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— — No excitation
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O 2% chord plunge + incoming wake
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£5.00F .

Pressure side-|

4.40

420 1 l 1 l 1 l 1 l 1
0 0.2 0.4 0.6

Surface location, x/c
Fig. 5 Computed mean pressure distribution on the surface of the
Cambridge turbine number 2 blade surface for various combinations of
wake excitations and blade vibrations.

For aeromechanic applications, it is the unsteady pressure acting
on the airfoil surface at the frequency of airfoil vibration that is
important, because only those forces that are integer multiples (true
harmonics) of the vibratory frequency of the airfoil do
aeromechanical work. Forces that are noninteger multiples of the
fundamental vibration frequency may do work over a single cycle.
However, over many cycles, they do no average work. Figure 7
shows the Fourier component of the computed unsteady pressures on
the surface of the airfoil at the frequency of the blade vibration.
Shown are the real and imaginary parts of the pressure normalized by
the amplitude of the blade vibration, computed for several
combinations of wake excitation and blade vibration. Note in all
cases that the pressure distributions are very nearly linear (that is, the
unsteady pressures scale with the vibratory amplitude) and there is a
noticeable but weak influence of the wake. In other words, for
aeromechanical applications (at least for the case considered here),
nonlinear effects play only a minor role.

Next, we consider the unsteady entropy on the surface of the
airfoil. Figure 8 shows the component of unsteady surface entropy at
the wake passing frequency. Note that for small-amplitude blade

50 T { T { T { T { T
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O 2% chord plunge + incoming wake )
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Suction side

Unsteady pressure, real [p/(pUz(h/C))]

_1 0 1 l 1 l 1 l 1 l 1
0 0.2 0.4 0.6 0.8 1

Surface location, x/c
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L — — No excitation 4
- — - Incoming wake only
0.03— —— 2% chord plunge only ]
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— oo
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& 8.8 8.580a30i°E g
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0 0.2 0.4 0.6 0.8 1
Surface location, x/c
Fig. 6 Computed mean entropy distribution on the surface of the
Cambridge turbine number 2 blade surface for various combinations of
wake excitations and blade vibrations.

vibrations (h,/c¢ = 0.02), the first harmonic of the unsteady entropy
is the same as with no blade motion. However, for larger-amplitude
blade vibrations (h,/c = 0.10), the first harmonic is significantly
modified.

Similarly, shown in Fig. 9 is the Fourier component of the entropy
at the vibratory frequency of the blades. For both the small- and
large-amplitude blade vibrations, we see significant levels of
unsteady entropy. In other words, there is crosstalk between the wake
passing and blade vibration frequencies; unsteady entropy
perturbations are seen at frequencies that are not multiples of the
wake passing frequency.

Having computed the unsteady flow for several model problems,
we return to the issue of accuracy and mode convergence. In the
preceding calculations, we used 11 time levels per period for the
wake only calculations and 31 time levels for the wake/blade-motion
computations. Shown in Fig. 10 is the computed surface entropy for
the wake-alone case computed using 3, 5,7, 9, and 11 time levels (1,
2, 3,4, and 5 harmonics). Solutions for 2, 3, 4 and 5 harmonics are in
good agreement, with only very minor differences. As one can see,
retaining only one harmonic is not adequate. Thus, to accurately

1 0 T { T { T { T { T
3 —— 2% chord plunge only
O 2% chord plunge + incoming wake
-+ ++10% chord plunge only
O 10% chord plunge + incoming wake
0.5 _
0.0 Suction side

Unsteady pressure, imag [p/( pU2(h/c))]

-1.0
0 0.2 0.4 0.6 0.8 1

Surface location, x/c

Fig. 7 Computed unsteady pressure distribution on the surface of the Cambridge turbine number 2 blade surface for various combinations of wake
excitations and blade vibrations. Plotted is the Fourier component of the unsteady pressure at the blade vibration frequency.
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Fig. 8 Computed unsteady entropy distribution on the surface of the Cambridge turbine number 2 blade surface for various combinations of wake
excitations and blade vibrations. Plotted is the Fourier component of the unsteady entropy at the wake passing frequency.
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Fig. 9 Computed unsteady entropy distribution on the surface of the Cambridge turbine number 2 blade surface for various combinations of wake
excitations and blade vibrations. Plotted is the Fourier component of the unsteady entropy at the blade vibratory frequency.

compute the effect of unsteadiness on the mean flow and the first
harmonic of the unsteady flow, one only needs as few as two
harmonics (five time levels).

Finally, we consider the computational efficiency of the present
method. Figure 11 shows the convergence histories for the present
harmonic balance method for the wake-interaction-only and blade-
vibration-only problems with 11 subtime levels (five modes), the
blade-vibration/wake-interaction problem with 25 subtime levels
(eight modes), and the steady flow solver. Note that in all cases
(periodic and aperiodic), around 12,000 iterations are required to
achieve a converged solution and the solutions converge at about the
same rate. Thus, the computational time required is approximately
equal to the number of time levels in the model times the
computational time required for a single steady flow calculation.
Note, in particular, that the method benefits greatly from the fact that
only a single blade passage is required, regardless of the combination
of frequencies and interblade phase angles of the original
disturbances, and from the fact that only a small number of subtime
levels are needed to obtain accurate solutions. On the other hand,
with a traditional time-accurate approach, one needs to model the

aperiodic flow for the entire wheel and run many small time steps
over a large number of revolutions, which dramatically increases the
required computational time.

Conclusions

In this paper, we have presented a harmonic balance technique for
computing unsteady flows in multistage turbomachinery. The
method can efficiently model both periodic and aperiodic flows
arising from different sources of unsteadiness. (The flow will be
aperiodic if multiple sources of excitation are present with irrational
frequency ratios.) The model is computationally efficient for several
reasons. First, the computational domain can be reduced to a single
blade passage regardless of the combination of frequencies and
interblade phase angles of the original disturbances. Second, time
derivatives are computed using a very accurate spectral operator,
reducing the number of time levels that must be retained in the model.
Third, we are often concerned with either mean flow (as opposed to
steady flow) quantities or Fourier components of flow quantities
acting at a single frequency. In these cases, only enough time levels
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calculations.

need to be retained to accurately model these flow components, again
reducing the number of harmonics (and, equivalently, time levels) in
the model.

The method is ideally suited for the computation of the
aerodynamic forces that produce flutter and forced response in
turbomachinery. Furthermore, the method can also be used
effectively to model mean flow performance: for example, the effect
of unsteadiness on mean heat transfer. We have shown that to
accurately compute the effects of unsteadiness on the mean flow
thermodynamic properties requires as few as two harmonics.

For the examples presented in this paper, nonlinear effects were
relatively unimportant in the computation of steady and unsteady
pressure loads, but important for the computation of wake migration
in the turbine passage. We note that the use of the Euler equations to
model wake migration does not account for the diffusion of the wake
through viscous effects. However, the present method can be readily
applied to the Navier—Stokes equations.
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